This is the author’s peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
PLEASE CITE THIS ARTICLE AS DOI: 10.1119/10.0010073

Quantitative analysis of a smartphone pendulum beyond linear approximation: a
lockdown practical homework
R. Mathevet∗
LNCMI-EMFL, CNRS UPR3228, Univ. Grenoble Alpes, Univ. Toulouse,
Univ. Toulouse 3, INSA-T, Grenoble and Toulouse, France. and
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We present a detailed analysis of a smartphone pendulum, part of which was given as a homework
assignment to first-year undergraduate students. We took care in the design and construction of
the pendulum itself to draw maximum benefit from the high quality of the embedded sensors. Our
students build a pendulum and analyze their data using the damped harmonic oscillator model.
We introduce them to residue analysis to make them aware of slight non-linearities in both the
restoring and damping forces. Beyond what we ask our students, we present here results of numerical
analyses to quantify these non-linearities and demonstrate that aerodynamic drag contributes quite
significantly to damping. We finally discuss our pedagogical experience using this assignment in the
classroom.
I.

INTRODUCTION

Nowadays, almost every student possesses a smartphone that is equipped with sensors for purposes such as
localization, orientation, gaming, photography etc. Apps
that provide direct access to the sensor data have been
put to use for practical teaching exercises for High School
and University students.
Oscillatory motion is a keystone of physics and many
papers have been published that use smartphones to revisit classical experiments1 or propose innovative pedagogical practices.2,3 Different configurations of simple
pendulums4–6 or compound pendulums7 have been investigated. Other studies involve horizontal oscillating masses8,9 and, possibly, coupled systems.8,10 Motion is commonly monitored using the smartphone’s
accelerometers7,11 but other sensors such as magnetic
fields,12,13 light intensity9,14 and rotation15 may be
used. Furthermore, some apps allow for combined rotation and acceleration recording which gives interesting
investigations.15 Finally, other open platforms such as
Arduino7 or video recording16 have also been used. An
exhaustive resource letter on mobile devices and sensors
for physics teaching recently appeared in this journal.17
Many protocols found in the literature and, particularly videos on the web, are more demonstrative than
quantitative. As a common example, the smartphone is
simply suspended by hand using its own power supply
cord. The experiment is then quite simple but, suffers
from movement of the attachment point and stiffness
in the power cord. An agreement between theory and
measurement within a few percent is often considered
as a good achievement. However, the embedded sensors
are of high quality and so allow, as we shall see, for a
more detailed analysis that reveals a much richer physical content.8,15,18–20
We present below the project we have assigned to a first

year undergraduate class, which has been developed over
two years. Students build their own pendulum (following provided instructions) and analyze their data using
increasingly refined numerical techniques provided in the
form of a Python program. Our purpose is to introduce
our students to the scientific approach and, in particular,
to the necessity of repeated cycles of experimentation and
modeling to develop a complete scientific understanding
of real systems.
The paper is organized as follows: in the first section,
we present our setup, its particular dynamics and the experiments we carried out to show how simple and compound pendulums differ. Then in the second section, we
perform a conventional curve fitting using the damped
harmonic oscillator model. Despite a seemingly good
agreement, residue analysis shows a significant discrepancy between the damped sine wave and actual data.
We thus introduce, in the third section, less common
data analysis methods that exhibit the nature of nonlinearities both in the amplitude and in the instantaneous
frequency of the pendulum. In the last section we discuss how the project is actually given to our students and
some of the related pedagogical aspects.

II.

SETUP AND DYNAMICS
A.

Setup

In order to restrict the motion to a vertical plane and
minimize spurious oscillations, the smartphone is placed
in an envelope suspended by two parallel threads4–6
(Fig. 1). We took care in this apparatus design to enable
a precise quantitative comparison later on. A thin and
almost inelastic sewing thread runs from A to D through
the holes B and C made in the envelope. The thread is
adjusted until AD and BC are parallel, then secured us-
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ing adhesive tape at points B and C. A wooden stick is
inserted between B and C to stiffen the top of the envelope (Fig. 2a). At points A and D, the thread is wrapped
around a ruler to precisely set AD = BC = 19.0 cm. The
ruler is then clamped to a beam with AD and BC parallel
to the ground. This achieves an almost perfect parallelogram ABCD with side length L ∼ 2m, with well defined
suspension points.
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but with different centers (Fig. 1). At any time, all the
points have the same velocity and acceleration as the center of mass G. The actual position of the sensor inside
the smartphone makes no difference. We will see that the
system dynamics reduce to those of a simple pendulum.
These system dynamics are easily obtained from an
energetic analysis. We consider the system of total mass
m made up of the envelope and the smartphone, but we
neglect the contribution of the threads. The forces to be
considered are: the weight W = mg and friction force
F both applied to the center of mass G and the threads’
tension TB and TC applied at the suspending points
(Fig. 1). We will first assume a viscous friction force14
F = −αvG , with α to be determined experimentally and
vG the center-of-mass velocity.
Since the object does not rotate and all points translate
at the same speed, the kinetic energy is,
EK =

G
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FIG. 1. (Color online) a) sketch and b) picture of our pendulum. The smartphone is inserted in an envelope suspended
by two parallel 2 m-long almost inextensible threads. These
threads are wound on a ruler to allow both precise geometry
and easy clamping onto a building beam. The smartphone’s
overall motion is circular, but the body does not rotate around
its center of mass. The envelope orientation remains parallel
to its orientation at rest: each point within the envelope follows a circlular path with radius L, but each with a different
center e. g. A for B, D for C and O′ for G.

Kinematics and dynamics

The system is analyzed in the laboratory frame with
fixed x and y axes being respectively vertical and horizontal. The smartphone oscillates in the xy-plane. Its
motion is perpendicular to its thinnest dimension which
reduces aerodynamic friction.
Our pendulum differs from more common setups in
which the smartphone is held by its power supply cord,
which behave as compound pendulums. The velocity of
the center of mass is perpendicular to the supporting
thread; parallel to the rotating y-axis of the smartphone.
But since the smartphone size and weight are not negligible, rotation of the smartphone around its center of
mass must also be considered. This makes quantitative
comparisons difficult.
In contrast, our design is a deformable parallelogram
with quite different kinematics. During the motion, BC
remains parallel to the ground by construction. The system is thus in a circular motion, but does not rotate
about its own center of mass. The motion of all of the
points of the system describe circles of the same radius

(1)

The work-energy theorem ∆E = F~ · ∆d~ in differential
form gives:
dEK
= (P + F) · vG + TB · vB + TC · vC .
dt

(2)

As stated before, vB = vC = vG . For a circular motion,
the velocity is perpendicular to the threads, so TB .vB =
TC .vC = 0. Eq. (2) then gives:
mL2 θ̇θ̈ = −mgLθ̇ sin(θ) − αL2 θ̇2 .

(3)

To first order in θ, sin(θ) ≃ θ, and we obtain the usual
damped harmonic oscillator equation:
θ̈ +

B.

1
mL2 θ̇2 .
2

ω0
θ̇ + ω02 θ = 0,
Q

(4)

with
p the undamped angular frequency ω0 = 2πf0 =
g/L and quality factor Q = mω0 /α. As we shall see
below, we recorded the smartphone’s linear acceleration
ÿ. Since y = L sin(θ), we have to first order in θ:
ÿ = Lθ̈,

(5)

so the linear acceleration mimics the angular acceleration.
Our design has a high quality
factor Q ∼ 500. The
p
actual pseudo-frequency f0 1 − 1/4Q2 differs from f0
by a few parts per million which is much less than the
relative uncertainty on f0 itself. The gravity constant
g is precisely known in the vicinity of our lab21 : g =
9.80428 m· s−2 . The main uncertainty source is thus our
measurement of the thread’s length L = 2040 ± 1 mm.
We thus finally expect for the pseudo-frequency:
f0 = 0.3490 ± 0.0002 Hz.

(6)
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FIG. 2. (Color online) a) Picture showing the slight deformation when the smartphone is inserted despite the wooden
stick inserted to stiffen the envelope. b) Comparison of the
different values of the pseudo-frequency as determined by : f0
(black: damped harmonic oscillator model), fF F T (red: FFT
of the recorded data points), ff it (green: damped sine wave
fit), fZC (blue: zero-crossing times linear regression). The
residual plot (Fig. 6b) shows that the explanation for this
inconsistency is the variation of the frequency over time.

C.

Experiment

The accelerometer data is recorded using the app Phyphox developed at Aachen University.22 It provides bluetooth connection with a computer for easy data transfer
and remote control of data acquisition. The pendulum
is set in the xy-plane, a few degrees from its equilibrium
position, using a sewing thread. We let the system settle
down for a while and then burn or cut the thread to release the pendulum as smoothly as possible. Acquisition
is started a few oscillations later (Fig. 3). For compar-

mum (HWHM) as a conservative value of the uncertainty.
The measured fF F T is consistent with f0 obtained from
the damped oscillator model (Eqs. (4) and (6)) at 1σ-level
with a relative precision on the order of 0.15% (Fig. 2b).
We thus have a good overall understanding of both the
experimental and theoretical aspects of our system.
Before we proceed to a more detailed analysis, let us
now present a simple and revealing experiment that we
performed to demonstrate a particular feature of our
setup (not proposed to our students).

D.

Model confirmation

As stated in Sec. II B, the double thread suspension
implies that the oscillation frequency is independent of
both total mass and mass geometry. We first add in the
envelope a heavy piece of brass. The total weight of the
system is more than doubled without shifting the center
of gravity much (Fig. 4a). Secondly, we inserted a slab of
corrugated cardboard below the smartphone. This significantly lifts up the center of mass of the system by
75 mm, i.e. 3.5% of L, while leaving the total mass
nearly constant. In both cases, as seen on Fig. 4b, the
oscillation pseudo-frequency is hardly affected. Its very
small decrease (∼ 0.2%) is attributed to thread elongation (∼ 4 mm) after the heavy brass piece has been inserted.
b)

a)
a)
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FIG. 3. (Color online) a) Raw data b) first few seconds of
the record showing oversampling of the data allowing strong
noise reduction through low pass filtering (red line).

ison with f0 , we first perform a FFT on the raw data
(black curve in Fig. 4b). This widespread algorithm is
quite often misunderstood by beginner students and used
as a black box. Moreover, it is not easy to make sense
of the peak’s width regarding frequency uncertainty. In
particular, as we shall see below, the frequency actually
drifts slightly during the motion. This effect contributes
to peak broadening and is completely hidden using the
Fourier Transform. Nevertheless, FFT provides an easy
and quick rough estimate.
The fundamental peak is found at fF F T = 0.3486 ±
0.0005 Hz. The peak is slightly asymmetrical and undersampled so we have taken its Half Width at Half Maxi-

cardboard

FIG. 4. (Color online) a) A piece of brass or cardboard is inserted in the envelope to change the total mass and mass geometry. b) Close view of the fundamental peak of FFT power
density spectrum of ÿ: smartphone alone (black), smartphone
and brass piece (red), smartphone lifted up by a cardboard
piece (blue). The slight decrease in frequency, is attributed
to the elongation of the threads after the heavy brass piece
has been inserted.

III.

CURVE FITTING

While curve fitting was not required of our students in
this project, we can gain some valuable information by
using it.

A.

Model curve

Eq. (4) has a simple solution usually introduced in the
first few years of undergraduate education:
θ = θ0 e−t/2τ cos (ω0 (t − t0 )) ,

(7)

where we introduced the relaxation time of energy τ =
Q/ω0 . θ0 and t0 depend on the initial conditions. From
Eq. (5) the horizontal acceleration may be written:
ÿ = ay0 e−t/2τ cos (ω0 (t − t0 )) ,

(8)

where we neglected the terms coming from the derivative
of the exponential decay as Q ≫ 1.
B.

Best fit

b)
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FIG. 5. (Color online) a) A few periods around 480 s: raw
data (black dots) and damped sine fit (red line). Inset: full
record. Agreement seems quite satisfactory. b) Residues from
the fit showing a large and structured discrepancy between the
data and the fitted curve.

C.

and so plotting them provides a visual representation of
the noise level of the data. But contrary to these expectations, the residues shown here in Fig. 5b exhibit a
deterministic oscillatory shape with typical amplitude exceeding 10% of the maximum acceleration. So, our fitted
curve is no good at all, despite its apparent agreement.
Close inspection of the beginning and the end of the
record shows that the fitting curve slowly shifts from the
data, demonstrating a kind of Moiré effect (Fig. 5b). The
randomly selected few periods shown in Fig. 5a are in
phase with the model only by chance.
As the damped sine wave model in Eq. 8 has a constant
pseudo-period, we can conclude that the frequency of the
measured data slowly drifts. The two techniques used so
far cannot describe such an effect.

IV.

We use the above damped sine wave to fit our data
using OriginPro 2016 software. We get a seemingly satisfactory result (Fig. 5a) with good statistical estimators:
reduced χ2 < 0.005 and R2 ≃ 0.97. The program determines the pseudo-frequency with impressive precision
ff it = 0.348413 ± 1.0 10−6 Hz. Moreover, the oscillation amplitude is correctly reproduced, except perhaps
towards the very start and end of the recording. ff it is
consistent with our previous measurement fF F T within
the error bars but disagrees with the model prediction
f0 (Fig. 2b). There is a contradiction and a more careful
inspection of the data is required. We will use a less common, although very efficient technique: residual plots.

(m.s-2)
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Residues

Residues are the difference, for each data point, between the actual and the fitted values. Residues hence
magnify the discrepancies that may not be clearly visible on full scale figures such as Fig. 5a. In principle,
the fitted curve captures all the deterministic part of the
data. Residues are expected to be randomly distributed

A.

MORE DETAILED ANALYSIS
Pseudo-period determination

Instead of the pseudo-frequency, we may alternatively
determine the pseudo-period directly from the acceleration time series. The pseudo-period is best determined
from the acceleration zero crossings times t0 (n) where n is
the rank index of the half period. Measurements between
successive maxima or minima4,5,11 give worse results due
to lower statistics (only one point per period is involved)
and the greater effect of noise around a stationary point.
First of all, we remove a possible offset from the raw
data: we discard a few points at both ends of the record
to select an (almost) integer number of oscillation periods. Then we compute the mean value within this subset
which has been extracted from the whole dataset.
We identify zero-crossing times by looking for a sign
change between two neighbouring points. Due to a combination of noisy data with the high sampling rate, typically 200 Hz, the data may exhibit several sign changes
around a single zero crossing. One solution is to use
a low-pass filter to remove high frequency noise (see
Fig. 3b). After the filter is applied to the data, there
is only one sign change per zero crossing and so the zero
crossing can be localized within half the sampling time
(typically a few milliseconds i.e. a thousandth of the
oscillation period.)
We also propose to our students a more advanced technique of accurately estimating zero-crossing times, interesting from a pedagogical point of view as it implements
local approximation of a function. We extract from the
dataset a sample of typically 20 data points on both sides
of a sign change that we previously located using the
first technique. We then perform a linear fit on this subset and compute a better approximation of the actual
zero-crossing time from the regression parameters. This
algorithm is thus quite effective as it enhances both noise
filtering and time resolution.
Typical results for zero-crossing times are shown in
Fig. 6a, together with a linear fit as expected for the

b)b)

a)

FIG. 6. (Color online) a) t0 (n) are the zero-crossing times of
ÿ successively numbered by n (black points). Red line: linear
adjustment hardly distinguished from data points. b) Residual plot showing that the oscillation period is not constant,
but has a regular variation over time.

ment seems perfect, which is confirmed by the statistical estimators: reduced χ2 < 0.01 and R2 rounded to
1 by the data analysis software. The pseudo-period is
twice the slope. We get TZC = 2.86868 ± 4 × 10−5 s
from which we determine the pseudo-frequency fZC =
0.34859 ± 0.5 × 10−5 Hz. fZC is consistent with our two
previous measurement ff it and fF F T but disagrees with
the model prediction f0 (Fig. 2b).
However, we find that the residual plot (Fig. 6b) clearly
demonstrates that the data points are not described well
by straight line, with the residual errors having a somewhat parabolic shape as a function of time, rather than
the random scatter that would be expected if the underlying function was truly linear. The oscillation frequency
is not constant, meaning that non-linear terms must be
taken into account.
B.

Amplitude variation

The damped harmonic oscillator model also predicts
an exponential decay of the amplitude. The students test
this property by plotting in log-scale the absolute value
of the acceleration (Fig. 7a). Instead of the expected linearly decreasing envelope, we observe a concave shape
with a typical deviation from the straight line by ∼ 15%
in the middle of the record. Since the decay is faster than
expected at the beginning and then slows down, this implies that viscous damping (which is linearly proportional
to velocity) is not the only dissipation mechanism in the
experiment.
C.

Numerical Simulations

For the sake of completeness, we have performed numerical simulations and supplied them in the Supplementary Material.23 These are not discussed with our students. But we demonstrate here that (i) anharmonicity
of the gravitational potential is not the main source of

a)

b)
-2
max(m.s )

damped oscillator model Eq. (8). At first sight, agree-

-2
max(m.s )
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FIG. 7. (Color online) a) Maximum of the absolute value of
the acceleration for each half period (black dots, in log-scale).
Exponential decay, as predicted by the damped harmonic oscillator model, would produce a linearly decreasing amplitude
(red dashed line) which is obviously not the case. b) Numerical simulations, discussed in more detail in the Supplementary
Material23 ): data is quite well reproduced by an almost equal
contribution of viscous and aerodynamic damping (red line).

the non-linearity of the restoring force, (ii) aerodynamic
drag proportional to velocity squared contributes significantly to damping. In the end, our model reaches a 10−3
relative accuracy level over the whole recorded time series.

V.
A.

PEDAGOGICAL ASPECTS
Project structure and objectives

The harmonic oscillator and harmonic approximation
are widely taught in many areas of physics: mechanics,
electricity, Drude-Lorentz model, IR spectroscopy, Debye
model etc. We have developed the detailed analysis presented above over two years for use in a physics project
given to first year undergraduate students. These students follow a selective two year course somewhat particular to the French education system which is significantly
more intensive, especially in physics and mathematics,
than our Undergraduate University Training.24
This project is given in the form of a comprehensive
scientific investigation performed during a two-week holiday. The students are guided throughout their investigation process by a ten-page document. For data analysis purposes, a Python program that they are free to
modify, is provided on a collaborative platform (see supplementary material for the document and program, in
French). The program does not include part of the work
presented here (Secs. II D, III B, IV C) but contains instead, a more typical phase portrait and energetic analysis not discussed here.
To keep the project attractive, it is not graded but
students are required to write a report (typically 8 pages
long23 .) What we expect from our students is:
• the demonstration of the linearized equations of
motion and energetic aspects,
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• the construction of their own pendulum,
• the data acquisition, basic use of the Python program and discussion within the harmonic framework,
• a first attempt at residue analysis and the log-scale
method presented in Sec. IV B.
The project is designed to lead them to realize that
the damped harmonic oscillator model presented in class
is highly relevant and captures most of the physical phenomenon, but that it is not entirely exact. Regarding
the explanation of the non-isochronism of the oscillations,
we expect them to mention the linearization of the sine
term, even if, as discussed in Sec. IV C, it might not be
the major contribution in this type of setup. Concerning
the non-exponential decay of the amplitude, we have no
specific expectation as they have little knowledge about
aerodynamics at this stage. Thus both of these issues
are expected to be only qualitatively invoked by the students. Ideally, they may understand that high quality
data may reveal some subtle effects if we are careful with
the analysis, alternating model improvement and better
data processing. We are quite aware that it is a very
ambitious goal, and so far we have found that it is only
partially achieved. Nevertheless, we want to awaken their
curiosity and we think the amusing dimension of doing
real physics with one’s smartphone may help.

B.

Discussion

We gave this project for the first time last year during
the first lockdown due to the Covid-19 pandemic. The
project was optional and conceived as a break during this
very challenging period. Only half of the ∼ 45 students
took part. In those difficult times, the students who did
not get involved said they were feeling too busy and had
no time or energy to devote to what they perceived as extra work. The reduced interactions between themselves
and with the teacher were also often put forward as reasons. These special circumstances also explain why half
of the students who did participate carried out only part
of the work, essentially the playful pendulum construction. However, most of the 10 students who completed
the whole assignement found it an interesting experience
and said they will reuse their smartphone for future experimental work. A few of them were even quite enthusiastic. These first promising results, despite adverse
conditions, led us to reiterate.
This year, under less restrictive lockdown conditions,
the project was compulsory. 8 students worked it alone
and 36 worked in pairs. Half of the groups did the whole
project together, the other half shared the tasks. We
carried out a survey to identify their difficulties and appreciation of the project23 (in French). Overall, only one
group found this experiment rather negative compared
to 30 positive and 12 quite positive. The main issues the

participants reported were difficulties in understanding
some algorithms and part of the theoretical aspects. Indeed, we did not include the full, derivation of Eq. (5),
which uses several assumptions and linearization steps.
They appreciated the teacher dedicating time to helpful
discussions on these difficult points. Finally, after their
reports had been evaluated and the survey completed,
there was 2h-long teaching sequence devoted to more informal discussions with, here again, positive feedback.
Concerning our pedagogical objectives, half of the students suitably compared the different methods of period
determination, but rarely interpreted them (especially
taking into account the error bars.) A vast majority
(> 30 students) found the residues analysis interesting
and realized there are some non–linearities in the real
system. A few of them proposed, though with no physical explanation, a v 2 damping.
Globally, we are satisfied with the practical, experimental and numerical aspects of the project. Our students took pleasure in doing the experiment themselves,
with some of them displaying even more initiative in the
data analysis part. Conversely, we have a more nuanced
conclusion concerning our demanding conceptual targets.
We have the feeling that most students perceived that the
damped harmonic oscillator model is not the whole story,
but without really understanding there is more interesting physics behind the discrepancies. Likewise, the use
of refined data analysis methods and improved models
is, most often, not given as a mandatory exercise for students. This is not surprising for first year students: this
project is a learning exercise about how to take a careful scientific approach to non-linear physics, far beyond
their learned skills at that age. However, the work they
produced and, more importantly, their questions, were
very encouraging. For the first time they built their own
experiment and collected exhaustive data that they had
explain, as it is and not as it should be. This is far from
the usual practical work aimed at illustrating the formal
course. As such, next year we will renew this experiment, further improving the program with extra comments to more explicitly teach the scientific approach to
unexplained results, and adding more insight to the theoretical analysis.
As a final remark, let us mention that we were quite
pleased that 20% of the students expressed regret that
the program was completely provided to them. One student even suggested broadening the project by proposing
they write their own code during their computer classes.
This anecdote, though particularly rewarding, has certainly has no statistical relevance. However, the survey
shows that a significant part of the class really engaged in
the project, even though the advanced physical processes
involved in the real system were only very vagely imagined by most. Consequently, we think that this project
is useful for our first year students. It might also be used
fruitfully for graduate students, who could perhaps more
actively use their practical know-how and wider theoretical knowledge to throughally understand the real system.
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Our project aims at stimulating our students’ curiosity
by the fun use of their own smartphone. The high quality
data that a smartphone provides can, in turn, lead the
students to deeper investigations of the physical processes
involved. A vast majority of our students enjoyed this

project.
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